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Abstract. It was recently understood that from the point of view of automorphic 
Lorentzian Kac-Moody algebras and some aspects of Mirror Symmetry, interesting 
hyperbolic root systems should have restricted arithmetic type and a generalized 
lattice Weyl vector. One can consider hyperbolic root systems with these properties 
as an appropriate hyperbolic analog of the classical finite and affine root systems. 

This series of papers is devoted to classification of hyperbolic root systems of 
restricted arithmetic type and with a generalized lattice Weyl vector p, having the 
■ rank 3 (it is the first non-trivial rank). In the Part I we announce classification of the 

maximal hyperbolic root systems of elliptic (i.e. p 2 > 0) and parabolic (i.e. p 2 = 0) 
type, having the rank 3. We give sketch of the proof. Details of the proof and further 
results (non-maximal cases) will be given in Part II. Classification for hyperbolic type 
j. ■ (i.e. p 2 < 0) and applications will be considered in Part III. 

Q ■ 0. Introduction 
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It was recently understood that from the point of view of the theory of Lorentzian 
(or hyperbolic) Kac-Moody algebras, some aspects of Mirror Symmetry and some 
other theories, interesting hyperbolic root systems should have some very restricted 
properties: they have restricted arithmetic type and a generalized lattice Weyl vector 
^ ■ (see Sect. 1.3). One can consider hyperbolic root systems with these properties 

as an appropriate hyperbolic analog of the classical finite and affine root systems. 
These properties: restricted arithmetic type and existence of a generalized lattice 
Weyl vector, are so strong that there is a hope to describe all hyperbolic root 
systems with these properties. It was shown [N4], [N5], [Nil], [N13] that for the 
fixed rank > 3 number of such root systems is essentially finite. For example 
number of such maximal root systems of a fixed rank > 3 is finite. It would be 
very interesting to classify all hyperbolic root systems of restricted arithmetic type 
and with a generalized lattice Weyl vector. It may be of the same importance 
as classification of finite and affine root systems having many applications in Lie 
algebras theory and other mathematical and physical theories. 

This series of papers is devoted to classification of hyperbolic root systems of 
restricted arithmetic type and with a generalized lattice Weyl vector, having the 
rank 3. For the ranks 1 and 2 this problem is trivial. Thus, the rank 3 is the first 
non-trivial case. On the other hand, the rank 3 case is probably the most reach, 
complicated and important in applications. For higher rank > 5 some partial results 
about this classification for elliptic type (see the definition below) have been known: 
see E.B. Vinberg [V3] for the rank > 30, F. Esselmann [E2] for the rank > 20, C. 
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Walhorn [W] for the rank 5, R. Scharlau and C. Walhorn [SW] about some results 
for the non-compact case of rank 4. The reason was that hyperbolic lattices of the 
rank > 5 represent zero, fundamental domains of their automorphism groups are 
not compact. The rank 3 case is mainly non-compact. 
Below we present results in more details. 

Let S be a hyperbolic lattice (i.e. a non-degenerate integral symmetric bilinear 
form of signature (1, n)). We denote by (. , .) the form of the lattice S. An element 
a G S is called a root if a 2 = (a, a) < and a 2 |2(a, S). A root a £ S defines a 
reflection 

s a : x I— > x — (2(x, a)/a 2 )a 

of the lattice S. A subset A C S of roots of S is called a root system with the root 
lattice S if properties a), b) and c) below are valid: 

a) s a (A) = A for any a G A; 

b) for any root f3 £ S such that sp(A) = A there exists a root f3' G A such that 
p' = X(3, A G Q; 

c) A generates S <E> Q. 

We denote by W(A) C C^S 1 ) the group generated by all reflections in roots of 
A and by 

A(A) = {0eO+(S) | </>(A) = A} 

the group of symmetries of A. Let M. be a fundamental polyhedron of W(A) in 
the hyperbolic space defined by S (see Sect. 1) and by 

A(A, M) = {<pe A(A) | <f>(M) = M} 

the group of symmetries of M. Then A(A) = W(A) x A(A, M). The root system 
A has restricted arithmetic type if A{A) has finite index in O(S). The root system A 
has a generalized lattice Weyl vector if there exist a non-zero p G S and a subgroup 
A C A(A, M) of finite index such that A(p) = p. The p is called a generalized 
lattice Weyl vector of A for M.. 

It is sufficient to describe primitive root systems when all elements of A are 
primitive (non-divisible) elements of S. Any other root system is twisted to a 
primitive one: one can get it by an appropriate multiplication on restricted natural 
numbers of elements of a primitive root system. Further we suppose that A is 
primitive. Then A is equivalent to a reflection subgroup W = W(A) C O(S). 
Really, A is the set of all primitive roots a of S such that the reflection s a G W. 
Therefor, by definition, W has restricted arithmetic type and a generalized lattice 
Weyl vector if A does. It is easy to prove that if W C W' are two reflection 
subgroups of O(S), both groups W and W' have restricted arithmetic type and the 
group W has a generalized lattice Weyl vector, then W' also has a generalized lattice 
Weyl vector. It follows that the full reflection group W(S) (generated by reflections 
in all roots of S) has restricted arithmetic type and a generalized lattice Weyl vector 
if there exists a reflection subgroup W C W(S) having restricted arithmetic type 
and a generalized lattice Weyl vector. A hyperbolic lattice S having this property is 
called reflective. Depending on the type of the generalized lattice Weyl vector p of 
W(S): (p, p) > 0, (p, p) = or (p, p) < 0, the reflective lattice S is called reflective 
of elliptic, parabolic or hyperbolic type. Therefor, any primitive root system A of 
restricted arithmetic type and with a generalized lattice Weyl vector is a subsystem 
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Root systems A(S) of reflective lattices S are especially important: the root system 
A(S') is the maximal hyperbolic root system of restricted arithmetic type and with 
a generalized lattice Weyl vector having the root lattice S. 

Obviously, S has elliptic type if and only if [O(S) : W(S)] < oo, and this type of 
reflective lattices was considered long time ago in papers of E.B. Vinberg and the 
author (see references). Reflective lattices of parabolic and hyperbolic type were 
recently studied in [Nil] and [N13]. We have the following general result 

Theorem 1 ([N4], [N5], [Nil], [N13]). For the fixed rank rk S > 3 the set of 

primitive (see Sect. 1.4) reflective (of any type) hyperbolic lattices S is finite. In 
particular, for the fixed rank rk S > 3, the set of primitive root lattices S of hyper- 
bolic root systems of restricted arithmetic type and with a generalized lattice Weyl 
vector is finite. 

To make a further reduction, we say that an embedding of lattices Si C S of the 
same rank is called equivariant if it defines the embedding of automorphism groups 
0(Si) C O(S). For an equivariant embedding Si C S, the lattice S is reflective if 
Si does. It is easy to prove (and is well-known) that any hyperbolic lattice Si has 
an equivariant (and actually canonical) embedding into an elementary hyperbolic 
lattice S. (See Proposition 2.2.2.) Here a lattice L is called elementary if its 
discriminant group Al = L* / L is elementary: any its p-component Al — (Z/pZ) rp 
is a p-elementary Abelian group. To describe all reflective hyperbolic lattices, it is 
sufficient to describe all reflective primitive elementary hyperbolic lattices S and to 
describe their primitive reflective equivariant sublattices Si C S (of finite index). 

In this part I, we give the complete list of all elliptically or parabolically reflective 
elementary hyperbolic lattices of rank 3. See Sect. 2.3, basic Theorem 2.3.2.1 and 
Theorems 2.3.3.1, 2.3.4.1. We give idea of the proof (see the proof of basic Theorem 
2.3.2.1). We use the same method: existing of narrow parts of the fundamental 
polyhedron M, which we used to prove the finiteness Theorem 1. Moreover, we 
use the additional arithmetic argument: number of classes of central symmetries 
of the fundamental polyhedron Ai (see Lemma 2.3.1.2). Details of the proof will 
be given in Part II. In Part II we will also estimate indexes [S : Si] of elliptically 
or parabolically reflective primitive equivariant sublattices Si C S of the primitive 
elementary hyperbolic lattices S of the rank 3. Using this estimate, one can find all 
elliptically or parabolically reflective hyperbolic lattices of the rank 3 if one wants. 
These estimates are very important in some applications. In Part III we will extend 
these results to the hyperbolic type of rank 3 and will give some applications of our 
classification. 

We hope that our classification will be important in some theories. We mention 
that from the point of view of the theory of Lorentzian Kac-Moody algebras, the 
rank 3 case is the hyperbolic analog of s/2. Moreover the rank 3 case is more visual 
than the rank > 4 case. For the rank 3 case one has to work with polygons (i.e. 
fundamental polygons of reflection groups) which are much simpler and much more 
visual than polyhedra of dimension > 3. 

1. Hyperbolic reflection groups and hyperbolic root systems 

1.1. Klein model of hyperbolic space. Let $ be a hyperbolic linear space (i.e. 
$ is a IR-linear space equipped with a non-degenerate symmetric IR-bilinear form of 

„;„„„j- /1 „,\ „.l 1 1 J;™ A\ tt> . „. ^- >F> „.„ J i-„ u,. /„, „A j-U„ ,.„l „ + 
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the pair (x, y) of the bilinear form corresponding to <E>, we also denote x 2 = (x, x). 
One can associate to $ an open cone 

V = V{§) = {x g $ I x 2 > 0}. (1.1.1) 

The V is the disjoint union of two open convex half-cones. We denote by V + = 
V + (&) one of them. The hyperbolic space corresponding to $ is the set of rays 

C = £($) = = {R++x | x G V + } (1.1.2) 

where R++ denote the set of positive real numbers. The distance p in C is defined 
by the formula 

coshp(R ++ x,R ++ y) = (x,t/)/vW- (1-1-3) 

Then the curvature of C is equal to —1. The dimension dim£ = dim<E> — 1. 

Let be the group of automorphisms of the hyperbolic linear space $. Then 

the group of motions of C is naturally identified with the subgroup + ($) C 0($) 
of index 2 of automorphisms which fix the half-cone V + . 

A half-space of C is the set 

Hj = {R ++ x E C\ (x, 5) > 0}, (1.1.4) 

where 5 G $ and 5 2 < 0. The half-space TC~g is bounded by the hyperplane 

H s = {R++x G C | (x,S) = 0}. (1.1.5) 

The element 5 G $ is defined by the half-space Ti^ (respectively, the hyperplane 
Hs) up to multiplication by elements of R++ (respectively, by elements of the set 
R* of non-zero real numbers). The 5 is called the orthogonal vector to the half-space 
Hg~ (respectively to the hyperplane Hs)- 

Consider two half-spaces 7Y^, H~l 2 orthogonal to Si, 82 G Assume that Hf <jt 
H~g 2 , H~l 2 <jt H~l , and intersection H^ fl H~g 2 contains a non-empty open subset of 
£($). Then we have two cases: 

a) H~l fl H~l 2 is an angle of a value where 

COS(/>=(5 1 ,5 2 )/ V / ^2 (LL6) 

if -1 < (<W 2 )A/*i*2 < L 

b) Intersection of the hyperplanes Hs 1 , Hs 2 is empty (they are hyperparallel) 

and the distance p between them is equal to 

coshp = (5 1 ,5 2 )/ V / ^2 (1.1.7) 

ifl<(5i,5 2 )/v^PI- 

As usual, we complete £ by the set of infinite points R ++ c where c G c 2 = 

and (c, V + ) > 0. Then C with its infinite points is the closed ball 

~r /77+ r nl '\ /no /11 o\ 
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where V + is the closure of V + in the linear space $. The boundary = £ — C is 
the sphere of dimension n — 1. It is called oo -sphere or infinity of C. We also add 
infinite points to half-spaces, hyperplanes and other subsets of C considering their 
closure in C. 

A non- degenerate convex locally finite polyhedron .M in a hyperbolic space £ is 
the intersection of a set of half-spaces: 



The M. is called non- degenerate if M. contains a non-empty open subset of C. The 
M. is called locally finite if for any X G £, there exists its open neighbourhood 
U G C such that Ai H £7 is the intersection with £7 of a finite set of half-spaces 
in £. Here C $ is a finite or countable subset of elements with negative 

square. We assume that no two of these elements are proportional and every half- 
space H^, 6 G P{M), defines a face of M. of the highest dimension dim£ — 1 (it is 
clear what this means, since M. is locally finite). Then, the polyhedron M. defines 
the subset P(M) C $ uniquely up to multiplication by M++ elements of P(M). 
The set P(M) is called the set of vectors orthogonal to M. (or to faces of highest 
dimension of M. ). Below, we only consider locally finite and convex polyhedra. 

A polyhedron M. is called elliptic (or it has geometrically finite volume) if M, is 
a convex envelope of a finite set of points in £, some of them at infinity of C. 

1.2. Reflection groups of hyperbolic lattices, and hyperbolic root sys- 
tems. Let S be a hyperbolic (that is, of signature (l,n)) integral symmetric bi- 
linear form over Z. This means that S is a free Z-module of finite rank equipped 
with an integral valued symmetric Z-bilinear form and the corresponding real form 
$ = S <g> R is hyperbolic (it has signature (l,n) like in Sect. 1.1). For brevity, 
S will be referred to as the hyperbolic lattice. Like in Sect. 1.1, we correspond 
to a hyperbolic lattice S the hyperbolic space C = C(S) = C(S ® R). From the 
theory of integral quadratic forms (more generally, from the theory of arithmetic 
discrete groups), it is known that the automorphism group + (S) is discrete in £; 
if rk 5 > 3, the group + (S) has a fundamental domain of finite volume which is 
an elliptic convex polyhedron (e. g. see [C], [R], [VSh]). 

An element a G S is called root if a 2 < and a 2 \2(S,a). If a is a root, then 
—a is also a root. A non-zero element x G S is called primitive if x/m G" S for 
any natural m > 1. Obviously, any root a is multiple to a primitive root which 
is called the primitive root of a. If cto is a primitive root, then Acto is a r °°t only 
for a finite number of A G N. Really, 6 5* = Hom(S,Z), and A < 2a(S) 

where a(S) is the exponent (the maximal order of elements) of the discriminant 
group As = S* I S of S. In particular, A < 2| det(S')| where the determinant of S is 
equal to det(S') = det((ei, e-,-)) for a bases e±, . . . , e n of S. Thus, to find roots, it is 
sufficient to find primitive roots and then multiply them on restricted multiplicities. 

Any root a E S defines the reflection s a G + (S) which is given by the formula 




(1.1.9) 



5eP(M) 



x i— > x — 



2(x, a) 
a 2 



a, x G S. 



(1.2.1) 



The reflection depends only from ±«q where «o is the primitive root of a. The 
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the root a (i.e. s a is identical on H a and changes two half-spaces bounded by 

It is easy to see that an automorphism </> G + (S) gives a reflection in a hyperplane 

of C if and only if is a reflection in some root of the lattice S. 

All reflections s a in all roots of S generate the reflection group W(S) C + (S) 
of the lattice S. We shall consider subgroups W C W(S) generated by some set of 
reflections of S. We shall call W by reflection subgroup of S. 

Let W be a reflection subgroup of S. From the theory of groups generated 
by reflections (e.g. see [VI], [V4], [VSh]), it follows that W has a fundamental 
polyhedron M. in C which is the closure of a connected component of C without 
hyperplanes of all reflections from W. The polyhedron M. is a convex locally finite 
polyhedron. We always assume that the set P(M) of orthogonal vectors to M. 
is a set of roots of S. It is also called the set of simple roots. The group W is 
generated by reflections s a , a G P(M). The set {s a \ a G W(P(A4))} gives then 
all reflections of the reflection subgroup W. The set A = W(P(Ai)) is called a 
(hyperbolic) root system of the lattice S. One can then look at the lattice S as 
a root lattice. Hyperbolic root systems are very important for some theories, for 
example, for the theory of Lorentzian (or hyperbolic) Kac-Moody algebras (see 
[Kac]). It is clear that to find all possible root systems, it is sufficient to restrict 
by primitive root systems containing only primitive roots of S. All other root 
systems are twisted to primitive root systems: there roots are multiple (by bounded 
multiplicities) to roots of a primitive root system. To find a root system A it is 
sufficient to find a system of its simple roots P(M) since A = W{P{M)) where 
W is generated by reflections in P(M). To find a system of simple roots P(Ai), it 
is sufficient to find a system of simple primitive roots P(M) pT which is equivalent 
to the reflection subgroup W C W(S). Arbitrary system of simple roots P(A4) 
is twisted to P(M) pr : one can get it multiplying elements of P(M) pr by some 
bounded natural numbers (twisting coefficients). 

1.3. Restricted arithmetic type and a generalized lattice Weyl vec- 
tor. We denote by 

A(P(M)) = {ge 0+(S) | g{P{M)) = P(M)} (1.3.1) 

the group of symmetries of the fundamental polyhedron (together with the set P(M) 
of its orthogonal roots). The group W with the set P(M) of simple roots (equiva- 
lently, the root system A = W(P(Ai))) have restricted arithmetic type (see [Nil], 
[N10]), if the semi-direct product Aut(A) = W x A(P(M)) has finite index in 
0+(S). Obviously, A(P(M)) C A(P(M) pr ), and P(M) pT has restricted arith- 
metic type if P(Ai) does. If W and P(M) pr have restricted arithmetic type, we 
say that the reflection subgroup W has restricted arithmetic type. A non-zero el- 
ement p G S is called a generalized lattice Weyl vector if A(p) = p for a subgroup 
A C A(P(M)) of finite index (equivalently, the orbit A(P(M)){p) is finite). Reflec- 
tion subgroups W with P(M) (and corresponding root systems A = W(P(M))) of 
restricted arithmetic type and with a generalized lattice Weyl vector are important 
for the theory of K3 and other surfaces (see [P-SS], [Nl]— [N9], [N12], [N13], [AN1], 
[AN2]), so called Borcherds type automorphic products and theory of automorphic 
Lorentzian Kac-Moody algebras (see [B2]— [B6], [GN1] — [GN7], [N10], [Nil]) and 
other theories (e. g. see [HM1], [HM2], [M], [Kawl], [Kaw2], [CCL] on applications 
in Physics) . It seems, hyperbolic root systems satisfying these conditions are of the 

„„™„ ;™ j-„ „„ „.„ll l. — „.„ c„;j-„ „„J „£G 4- „,.„j-„™„ 
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It is an interesting but difficult problem to find all hyperbolic root systems A 
(or corresponding systems of simple roots P{M)) of restricted arithmetic type and 
with a generalized lattice Weyl vector. 

Below we shall make some general remarks about this problem. 

First, root systems, simple root systems and reflection subgroups W of restricted 
arithmetic type with a generalized lattice Weyl vector are divided on three types: 

Elliptic type: There exists a generalized lattice Weyl vector p with positive square 
p 2 >0. 

Parabolic type: There exists a generalized lattice Weyl vector p with zero square 
p 2 = and there does not exist a generalized lattice Weyl vector with positive 
square. 

Hyperbolic type: There exists a generalized lattice Weyl vector p with negative 
square p 2 < and there does not exist a generalized lattice Weyl vector with 
positive or zero square. 

Obviously, W and P(A4) of restricted arithmetic type have a generalized lattice 
Weyl vector p if and only if W and P(M) pr have restricted arithmetic type and the 
same generalized lattice Weyl vector p. Thus, to find all W and P(M) of restricted 
arithmetic type and with a generalized lattice Weyl vector, we can restrict by 
primitive sets P(M) pr which are equivalent to reflection subgroups W C W(S). 
One should find all reflection subgroups W C W(S) of restricted arithmetic type 
and with a generalized lattice Weyl vector for P(Ai) pr where M. is a fundamental 
polyhedron for W. Here the set P(A4) pT is defined by the reflection subgroup 
W C W(S) (up to choosing the fundamental polyhedron M). 

1.4. Reflective hyperbolic lattices. Assume that a reflection subgroup W C 
W(S) has restricted arithmetic type and a generalized lattice Weyl vector p (for 
P(M) pr where M is a fundamental polyhedron of W). Suppose that W C W C 
W(S) where W is a reflection subgroup of restricted arithmetic type. We can 
choose a fundamental polyhedron Ai' for W such that M.' C M.. If p is a gener- 
alized lattice Weyl vector for P(A4) pi , then p is a generalized lattice Weyl vector 
for P(M') pT (one should use that A(P(M') pY ) H A(P(M) pr ) has finite index in 
A(P(M') pY ) since W has restricted arithmetic type). Thus, W also has a gener- 
alized lattice Weyl vector. If W has elliptic type, then W also has elliptic type. 
If W has parabolic type, then W has parabolic or elliptic type. If W has hy- 
perbolic type, then W' has either hyperbolic, or parabolic, or elliptic type. The 
full reflection group W(S) of the lattice S obviously has restricted arithmetic type: 
it is normal in + (S). Thus, W(S) itself has restricted arithmetic type and a 
generalized lattice Weyl vector if W(S) has a reflection subgroup W C W(S) of 
restricted arithmetic type and with a generalized lattice Weyl vector. Hyperbolic 
lattices S with this property are called reflective. Thus, (equivalently) a hyperbolic 
lattice S is reflective if it has a generalized lattice Weyl vector for its reflection 
group W(S). Depending on the type (elliptic, parabolic or hyperbolic) of W(S) 
the reflective lattice S is called reflective of elliptic, parabolic or hyperbolic type or 
elliptically, parabolically or hyperbolically reflective. It seems that these maximal 
reflection groups W(S) having a generalized lattice Weyl vector are especially in- 
teresting. Moreover, for reflective lattices S, one can try to find out all reflection 
subgroups W C W(S) of restricted arithmetic type and with a generalized lattice 
Weyl vector. If the lattice S is not reflective, any reflection subgroup W C W(S) 
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Multiplication of the form of a lattice S does not change anything. Thus, we 
can always suppose that the lattice S is primitive, i.e. S(l/k) is not a lattice for 
any natural k > 1. Here K(r) denote a lattice which is obtained by multiplication 
of the form of a lattice K on r G Q. 

We have the following general result: 

Theorem 1.4.1 ([N4], [N5], [Nil], [N13]). For the fixed rank rk S > 3 the set of 

primitive reflective hyperbolic lattices S is finite. 

Cases rk S = 1 or 2 are trivial. Any hyperbolic lattice S of rk S = 1 is reflective 
since + (S) is trivial. If rk S = 2, the lattice S is reflective if and only if either 
S has a non-zero element with square (then + (S) is finite and S is reflective of 
elliptic type) or S has at least one root (then S is also reflective of elliptic type). 

The main subject of these series of papers is to describe hyperbolic reflective 
lattices of rank 3. We apply the same method (of narrow parts of polyhedra) 
which was applied to prove Theorem 1. But to find all possibilities, we need to 
improve this method and add some additional arithmetic arguments. Certainly, 
classification is more delicate problem than proving finiteness. 

2. Classification of reflective hyperbolic lattices of the 
rank 3 and of elliptic or parabolic type: formulations 

2.1. The principle of classification. Let Si be a hyperbolic lattice and Si C S2 
its overlattice. Here and in what follows we consider only embeddings of lattices 
of the same rank. If the embedding Si C S2 induces an embedding of the auto- 
morphism groups O(Si) C 0(^2) (in general, these groups are commensurable), 
we say that the embedding £1 C £2 is an equivariant embedding. We remark that 
index [0(^2) : O(Si)] is always finite because both groups + (5 , 2) and + (S\) 
have a fundamental domain of finite volume in naturally identified hyperbolic 
spaces C(Si ® R) = £(S2 <E> K). It follows that for the equivariant embedding, 
W(Si) C W(S 2 ) and both groups W(Si) and W(S 2 ) have restricted arithmetic 
type. It follows that the lattice S2 is reflective if the lattice Si is reflective. Obvi- 
ously, S2 is primitive if Si does. A lattice S is called maximal if it does not have 
equivariant embeddings to other lattices of the same rank except the lattice S itself. 

Our principle of classification of reflective hyperbolic lattices of the rank 3 is 
as follows: We define elementary lattices such that any lattice has an equivariant 
embedding into an elementary one. We give the list of reflective elementary hyper- 
bolic lattices of the rank 3. Thus, any reflective hyperbolic lattice of the rank 3 has 
an equivariant embedding into a lattice of this list. For any reflective elementary 
hyperbolic lattice S of rank 3 we calculate the set of simple roots P(A4) pT of W(S) 
and the Gram matrix G{P{M) pr ) = ((a, /?)), a, (3 e P(M) pr . Moreover, we es- 
timate indexes [S : Si] of its primitive reflective sublattices Si C S, and one can 
find all of them if one needs (their number is obviously finite). It seems, reflective 
elementary hyperbolic lattices are especially interesting (e. g. they contain maxi- 
mal reflective hyperbolic lattices), and finding all of them is especially important. 
On the other hand, the mere fact that a lattice Si has an equivariant embedding 
Si C S into a known lattice S contains a lot of information about the lattice Si 
itself. For example, det(Si) = det(S)[S : Si] 2 , a primitive root ai of Si is equal to 

j-„. „.i „. :„ „ — j- „f a „„j [c ol -C„n„„.„ „2 j-2„,2 
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2.2. Elementary hyperbolic lattices of the rank 3. We recall some elements 
of the discriminant form technique (see [Nl]). 

Let L be an arbitrary lattice (equivalently, a non-degenerate integral symmetric 
bilinear form). The lattice L is called odd if there exists x G L with odd square x 2 . 
Otherwise, L is called even. 

The group Al = L*/L is called the discriminant group of L. Its order \Al = 
|det(L)|. We extend the form of L to the dual lattice L C L* = Hom(L,Z). It 
then takes values in Q and defines (considering mod L) a non-degenerated finite 
symmetric bilinear form 

b L : A L x A L -> Q/Z. (2.2.1) 
If the lattice L is even, one similarly defines a finite quadratic form 

Ql '■ Al — > Q/2Z (2.2.2) 

with the symmetric bilinear form 6^. These forms are called the discriminant 
bilinear and the discriminant quadratic form of the lattice L. 

An over lattice L C L is defined by an isotropic (for frj,) subgroup ifj = L/L C 
A i,. The discriminant bilinear form of L is then equal to 

b z = b L \(H±/H z ). (2.2.3) 

If the lattice L is even and the subgroup is also isotropic for the discriminant 
quadratic form q^, then L is even and 

q~ L =q L \(H±/H~ L ). (2.2.4) 

For a prime p, we denote as A p the p-component of Al, and b p and g p restrictions 
of bL and (/z, on the subgroup. Consider the p-adic lattice L p = L <g> Z p where Z p 
is the ring of p-adic integers and Q p the field of p-adic numbers. One can similarly 
define the discriminant group and the discriminant forms Al , bL v , qL v of L p . We 
have natural identifications: A p = Al v , b p = bL p and q p = qL v - 

Definition 2.2.1. A lattice L is called elementary if for any prime p \ det(L) 
the p-component A Lp is a p-elementary Abelian group: A Lp = (Z/pZ) r p. Here 
{r p = r p (L) | p | det(L)} are invariants of the elementary lattice L. We have 
| det(L)| = ri p P rp - m particular, the invariants r p (L) are defined by det(L). 

We have the following simple and well-known 

Proposition 2.2.2. Any lattice L has an equivariant embedding into an elemen- 
tary lattice. 

Proof. Let p tp be the exponent of the group A p = A Lp . It means that p tp A p = and 
p tp ~ 1 A p 7^ 0. If L is elementary, L has an equivariant embedding into itself. If L 
is not elementary, one of exponents t p > 1. Obviously, 6l p : A p x A p — > ^-Z/Z. It 

follows that subgroup H p = p tp ~ 1 A p C A p is isotropic. It is not zero and is invariant 
with respect to O(L). It follows that H p defines an equivariant embedding L C L 
with L/L = H p and index §H p . If the lattice L is not elementary, we repeat the 

J f — 7 rpi • j • j2„;j.„ l „„„„ j„j./r \ J„-^-/r^r^ . rl— 2 c — „„ 
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overlattice L C L\ of finite index \L\ : L] where det(L) and det(Li) are integers. 
It proves Proposition. 

Let L be an elementary lattice, m G N and m is square-free. The lattice 

L*' m (m) = (L*n—L)(m) (2.2.5) 
m 

is called m-dual to the lattice L. This lattice is also elementary and 

r,(L-M)={ r ' ( f' (n ^I" 1 . (2.2.6) 
[ rk L - r p (Lj it p | m 

One can also see that L*' m (m) <g> Z p = L <g> Z p if p f m, and L*> m (m) <g) Z p = 
(L ® Z p )*(p) if p | m. Moreover, 

(L*' m (m))*' m (m) = L (2.2.7) 

which shows that it really is a duality. More generally, for two square-free numbers 
mi, 17^2 one has 

(L*> mi (mi))*' m2 (m 2 ) = L*' m (m) (2.2.7') 

where m = 1. cm. (mi, 777,2) /g.c.d(mi, 777,2). It follows that one has a natural identi- 
fication 

O(L) = 0(L*' m (m)). (2.2.8) 

If L is a hyperbolic lattice, one can look at this equality as follows: Hyperbolic 
spaces and actions of automorphism groups in these spaces of L and L*' m (m) are 
naturally identified. 

Now we consider only primitive elementary hyperbolic lattices of rank 3. Let F 
be a primitive elementary hyperbolic lattice of the rank 3 and det(-F) = n p P rp - 
Since F is primitive, < r p < 2. Let m be the product of all prime p such that 
p I det(F) and r p = 2. Equivalently, det(F) = (det(F)/m)m where both natural 
numbers det(F)/777 and m are square-free. By (2.2.6), the m-dual lattice 

S = F*' m (m) (2.2.9) 

has then a square-free determinant det(S') = det(F)/m. Thus we have 

Proposition 2.2.3. Any primitive elementary hyperbolic lattice F of the rank three 
is m-dual to a hyperbolic lattice S with a square-free determinant d = det(S') where 
m I d. Then det(F) = dm. A lattice with a square-free determinant is (obviously) 
elementary and primitive. 

By Proposition 2.2.3, it is sufficient to describe hyperbolic lattices of the rank 
three with a square-free determinant. Let S be a hyperbolic lattice with a square- 
free determinant d = det(S). If d is odd, then S is also odd (otherwise, the 2-adic 
lattice S <g> Z 2 is even unimodular of odd rank, which is impossible). If d is even, 
then the lattice S may be even or odd. If S is odd (respectively even) we say 
that S has odd type (respectively even type). For odd prime p \ d the discriminant 
bilinear form bs p — bo p (p) where bg (p) is the discriminant bilinear form of the 

„ „j;„ 1 j;™ — „; — „i i„j-j-; — la „\ „.i n r- ir* l(m*\2 ~ r_i_i 1 u,. ;„„™ u;„™ 
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9p — > {^f^j = (—l) r>p where ^ j is the Legendre symbol and r] p G {0, 1}. (Here 

and in what follows (A) denote a lattice with the matrix A.) Thus, the lattice S 
with a square-free determinant d has the invariant 

V = {V P \ odd p | d} where rj p G {0, 1} and (-1)^ = (^j . (2.2.10) 

Below we code this invariant by a non-negative integer rj having a binary decom- 
position 

V = V Pt --V Pl (2.2.10') 

where p±, . . . ,p t are all odd prime divisors of d in increasing order. For example, 
for d = 30 = 2 • 3 • 5 the invariant rj = 2 means that (%) = 1, (^) = -1 
We have 

Proposition 2.2.4. A hyperbolic lattice S of rank three and with a square-free 
determinant is defined up to isomorphism by the invariants (<i, type, rj) . 

Proof. Invariants (<i, type, rj) define the discriminant bilinear form of S. By [Nl], 
the signature, type and discriminant bilinear form of S define the genus of S. By 
general results of Eichler and Kneser on spinor genus of indefinite lattices of rank 
> 3 (see [El], [Kn] and also [C]), elementary lattices of rank > 3 have only one 
class in a genus. It proves the statement. 

Definition 2.2.5. A hyperbolic lattice £ of the rank three and with a square-free 
determinant d is called main if type = d mod 2. In other words, the lattice S 
should be even if the determinant d is even. If the determinant d is odd, then the 
lattice S will be necessarily odd. In particular, main hyperbolic lattices of rank 
three and with a square- free determinant are defined by the invariants (d, n) . 

Main hyperbolic lattices of the rank three and with a square-free determinant 
are the most important. Really, suppose that S has rank three and square-free 
determinant, but it is not main. Then the determinant d(S) = 2d is even but the 
lattice £ is odd. Let S ev C S be the maximal even sublattice of 5. It has index 
two. Considering S £g> Z2, one finds that S ev = S(2) where S has the determinant 
d and is then main odd hyperbolic lattice. By the construction, O(S) C O(S). 
Thus, main hyperbolic lattices of the rank three and with a square-free determinant 
have maximal automorphism groups. In particular, if S is reflective, then S is also 
reflective. Moreover, we get that any non-main hyperbolic lattice S is the index 
two odd overlattice 

S(2) c S (2.2.11) 

where £ is a main odd hyperbolic lattice. If S has invariants (d, odd, rf) (where 
d is square-free and odd), then S has invariants (2d, odd, 77 + a;(<i)) where uj(d) = 
{u(d)p = (p 2 - l)/8 mod 2 | odd prime p | d}. We use that (j) = (-l)^ 2 " 1 )/ 8 . 

For the fixed 5, all index 2 odd lattices £ in (2.2.11) are isomorphic by Propo- 
sition 2.2.3. Thus, (2.2.11) defines the one-to-one correspondence 5" <-> S between 
odd hyperbolic lattices of rank three and with a square-free determinant where S 
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We have mentioned that (2.2.11) defines embedding 

0(S) C 0(S) 

since the lattice S(2) is the maximal even sublattice of S. Further we can consider 
two cases. 

Case when lattices S and S are equivariantly equivalent: By definition, it means 
that the odd overlattice S(2) C S is unique. Then (2.2.11) gives 0(S) = O(S), and 
lattices S, S have the same reflective type. By the discriminant form technique, this 
means that the 2-component -As(2) 2 — (Z/2Z) 3 of the discriminant group of S(2) has 
an unique element w G Ag(2) 2 with qs(2)( w ) = 1 mod 2. Then S/S(2) = (Z/2Z)tu, 
and index two odd overlattice in (2.2.11) is unique. The discriminant quadratic 
form (/s(2) 2 is defined by its signature sign qs(2) 2 m °d 8 (see [Nl] where all finite 
quadratic forms on 2-elementary groups were classified). One can easily check that 
the element w is unique if and only if sign qs(2) 2 = =tl m od 8. We have (e.g. see 
[Nl]) 

si S n QS(2) P = ^2(^-P + ^Vp + 4uj(d) p ) + sign q s{2)2 = 1 - 2 = -1 mod 8. 

V p\d 

It follows that S and S are equivariantly equivalent if and only if 

Y (1 - p + 4n p + 4u(d) p ) = ±1 - 1 = or 6 mod 8. 

P \d 

Case when S and S are not equivariantly equivalent: by definition it means that 
the odd index two overlattice S in (2.2.11) is not unique. By consideration above, 
it is equivalent to 

Y(l-p + 4rip + Auj(d) p ) mod8^{0 mod 8, 6 mod 8}. 

P \d 

One can check that then there are three different possibilities for the element w G 
A S {2) 2 with qs(2){w) = 1 mod 2. Thus, there are three different overlattices S 
in (2.2.11). All of them give isomorphic lattices S but one cannon expect that 
automorphism groups S and S are the same (and it is never the case). The (2.1.11) 
defines only embedding O(S) C O(S), and we only have that the reflective type of S 
is dominated by the reflective type of S . To find all reflective lattices S, one should 
first find all reflective lattices S, and then check if the lattice S is also reflective. 
We summarize these considerations below. 

Proposition 2.2.6. All non-main hyperbolic lattices S of rank three and with a 
square-free determinant (remind that non-main means that S is odd but det(S') = 2d 
is even) are in one-to-one correspondence S <-> S with main odd hyperbolic lattices 
S of rank three and with a square-free determinant d = det(S') = det(<S)/2. The 
correspondence is defined by the embedding of lattices 
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where S{2) is the maximal even sublattice of S (it has index two). 

If S has invariants (d, odd, rj), where d is odd square-free, then S has invariants 
(2d, odd, n + uj(d)) where 

u(d) = {uj(d) p = (p 2 - l)/8 mod 2 | odd prime p | d}. (2.2.13) 

V 

-p + 4?7 P + 4w(rf) p ) =±1-1 = or 6 mod 8, (2.2.14) 

P \d 

the overlattice S in (2.2.12) is unique, (2.2.12) defines isomorphism O(S) = O(S) 
and lattices S and S have the same reflective type. We then say that lattices S and 
S are equivariantly equivalent. 
If 

^2(l-p + 4ri P + Auj(d) p ) mod 8 £ {0 mod 8, 6 mod 8}, (2.2.15) 

P \d 

(2.2.12) only defines the embedding O(S) C O(S), and reflective type of S is dom- 
inated by reflective type of S. For this case we say that lattices S and S are not 
equivariantly equivalent. 

2.3. The classification of elliptically or parabolically reflective elemen- 
tary hyperbolic lattices of the rank 3. 

2.3.1. Notation. According to Sect. 2.2, classification of reflective (of any type) 
primitive elementary hyperbolic lattices is divided in three parts: 

1) Classification of main of them with square- free determinant. 

2) Classification of non-main lattices S of them with square-free determinant 
where S belongs to 1) and is odd (see Proposition 2.2.6). 

3) Taking of m-dual lattices to lattices L from 1) and 2) where m | det(L) (all 
of them will be reflective of the same type as L). 

For a hyperbolic lattice S, we denote by M a fundamental polyhedron of W(S) 
and by P(M) pr the set of orthogonal to M. primitive roots from S. We denote by 
A(P(M) pr ) the group of symmetries of P(M) pv (see (1.3.1)). 

Definition 2.3.1.1. An automorphism <fi G A(P(Ai) pr ) is called a central sym- 
metry if it acts as a central symmetry in the hyperbolic space C(S). Two central 
symmetries 0i, <p2 £ A(P(A4) pv ) are equivalent if they are conjugate in A(P(A4) pr ) 
(i.e. 4> 2 = £</>i£ _1 where £ e A(P(M) pr ). We denote by h = h(S) the number of 
classes of central symmetries in A(P(M) pT )- 

This invariant is important because we have the following trivial 

Lemma 2.3.1.2. If a hyperbolic lattice S is reflective of elliptic type, then h = 
h(S) < 1. If S is reflective of parabolic type, then h = h(S) = 0. If S is reflective 
of hyperbolic type and rk S = 3, then h = h(S) =0 or 2. 

For all reflective elementary hyperbolic lattices S, we give the invariant h = h(S), 
the set P(A4) pT and the Gram matrix G(P(A4) pT ) = ((ai,aj)), di, aj G P(M) pv . 
We denote by (A) a lattice with the matrix A. Thus, one has ((e^e^-)) = A 

c — „ u„„„„ r„ 1 „f -i-u„ i„-i-t; — rpi • i „„„„ • „„n„j „j. 7 — ,j -\i7-„ j j.„ u,. ^ -i-U„ 
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orthogonal sum of lattices. Thus, {A) © (B) denote a lattice with the matrix A@B. 
Let A be a matrix of size nx n defining a lattice (A) with the standard bases {ei}. 
We denote by (A)(cn, . . . , ci n ; . . . ; c m i, . . . , c mn ) the overlattice of (A) generated 
by {e^} and by elements cnei + ■ • • + ci n e n , ... , c m \e\ + ■ ■ • + c mn e n of the dual 
lattice (A)" C (A) © Q where Cy G Q. 
We denote by U the lattice 



It is unimodular even of signature (1, 1). 

2.3.2. Classification of elliptically or parabolically reflective main hyperbolic lat- 
tices of rank 3 and with square-free determinant. We remind that a hyperbolic 
lattice S of rank three and with square-free determinant d = det(>S) is called main 
if it is even for even d = det(>S). If d is odd, then S will be necessarily odd. By 
Proposition 2.2.4, a main hyperbolic lattice S of rank three and with square-free 
determinant is defined by invariants (<i, rf). We have the following basic result: 

Basic Theorem 2.3.2.1. Table 1 below gives the complete list (containing 122 
cases numerated by N ) of main (i.e. even for even determinant) hyperbolic lattices 
S of rank 3 and with square-free determinant which are reflective of elliptic or 
parabolic type. In Table 1, for each lattice S we give invariants (<i, rf) defining S 
up to isomorphism, number h of classes of central symmetries, matrix of S for 
some standard bases, the set P(A4) pr in the standard bases and the Gram matrix 
G(P(A4) pr ) . All these 122 cases have elliptic type. 

If the lattice S represents (i.e. there exists a non-zero x G S with x 2 = 0), 
we give S in the form S = U © (— d). Then the fundamental polygon M. is not 
compact (i.e. M. contains an infinite vertex). In particular, Table 1 contains the 
complete list of reflective hyperbolic lattices of elliptic or parabolic type of the form 
S = U © (— d) where d is square-free. There are 23 these cases corresponding to 



If S is given in different form, the lattice S does not represent and M. is compact. 
There are 99 these cases. 

Idea of the Proof. Here we give a rough scheme of the proof, details will be given in 
Part II. First, we prove a formula for the number h of classes of central symmetries 
of main hyperbolic lattices S of rank 3 with a square- free determinant. This formula 
uses class-numbers of imaginary quadratic fields and Legendre symbol (we shall give 
the formula in Part II). By Lemma 2.3.1.2, elliptically or parabolically reflective 
S have h < 1. Using the formula for h, we find all main hyperbolic lattices S of 
rank 3 with square- free determinant d < 100000 and h < 1. Their list is given in 
Table 3, it contains 206 lattices S. (In Table 3, we give invariants (d,rj), h and a 
lattice S with these invariants.) Conjectually, Table 3 gives the complete (without 
the condition d < 100000) list with the invariant h < 1 of main hyperbolic lattices 
S of the rank 3 and with square-free determinant. To avoid this conjecture, we 
use the same method (studying of narrow parts of fundamental polyhedra Ai) we 

„„„j j-„ -C„;-i- „„ ti ™ i/ii /„ — Tat /il nvrcl Tati 1 1 „„j „i„„ TatoU tu;„ 




(2.3.1.1) 



d=l, 2, 3, 5, 6, 7, 10, 11, 13, 14, 15, 17, 21, 22, 26, 
30, 33, 34, 38, 42, 66, 78, 110. 
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method gives a finite list of all possible invariants (d, rj) for the reflective lattices S. 
Calculating their invariant h (or estimating the invariant d) , we find that all of them 
having h < 1 belong to Table 3. Using Vinberg's algorithm [V2], we check reflective 
type of all 206 lattices S of Table 3 and calculate their fundamental polygon M. for 
W(S) if they are reflective. For elliptic and parabolic type, the result is given in 
Table 1. Actually, the method of narrow parts of polyhedra permits to find out a 
big part of non-reflective lattices of Table 3. In Table 3 we mark by er, pr, hr and 
nr elliptically, parabolically, hyperbolically reflective type and non-reflective type 
respectively (there are no lattices of parabolic type). It finishes the proof. 

We mention an important 

Corollary 2.3.2.2. The reflection groups W(S) of lattices S of Table 1 contain 
all maximal arithmetic reflection groups W over Q in hyperbolic plane. 

Proof. By E.B. Vinberg [VI], W is a reflection subgroup of finite index W C O(Si) 
of a hyperbolic lattice S\ of rank 3. It follows that the fundamental polygon Ai 
of W is elliptic, the group A(P(Ai) pT ) is finite and has a generalized lattice Weyl 
vector p with (p, p) > 0. By considerations in Sect. 2.2 and Theorem 2.3.2.1, the 
group W is a reflection subgroup W C W(S) of one of lattices S of Table 1. Since 
W is maximal, W = W(S). It proves the statement. 

Remark 2.3.2.3. Reflective type of lattices U © (— 2k) for all k < 60 was found in 
[N13]. For k = 2k\ where k\ is odd, the lattice £/"©(— 2/c) is equivariantly equivalent 
to the lattice U® (-fa) = (1) © (-1) © (-fa). Thus, between lattices S = U © (-d) 
of Theorem 2.3.2.1, only the lattice S = U © (—33) was not considered in [N13]. 

2.3.3. Classification of elliptically or parabolically reflective non-main hyperbolic 
lattices of rank three and with square-free determinant. 

We remind that a lattice S of rank three and with square-free determinant is 
called non-main if S is odd but its determinant is even. Using Basic Theorem 
2.3.2.1, Proposition 2.2.6 and additional considerations and calculations, we get 

Theorem 2.3.3.1. Table 2 below gives the complete list (containing 38 cases nu- 
merated by N' ) of non-main (i. e. odd with even determinant) hyperbolic lattices 
S with square-free determinant and of rank three which are reflective of elliptic or 
parabolic type. In Table 2, for each lattice S we give its invariants (d,odd,rj), the 
number h of classes of central symmetries, matrix of S in a standard bases, invari- 
ants (d,rj + w(d)) of the main odd lattice S of S (see Proposition 2.2.6). All these 
38 cases have elliptic type. 

If S and S are equivariantly equivalent (in Table 2 there are 21 these cases), 
we only give the lattice S . For this case, calculation of P(-M) pr and G(P(Ai) pr ) 
for S follows from calculation of similar sets for S in Table 1 (see Remark 2.3.3.2 
below). In particular, all S representing (non-compact case) have this type, then 
S = (1) © (-1) © (-d) where 

d= 2,6, 10, 14, 22, 26, 30, 34, 42, 66. 

If S and S are not equivariantly equivalent (there are 17 these cases), we (like for 
Table 1) give P(A4) pr and G(P(M) pr ) for S in the standard bases. 

Remark 2.3.3.2. Suppose that S is equivariantly equivalent to S. Then S(2) C S 

:„ iU„ ; „JJ 1 „4-j-4 „f 0/0\ T „J- T>l \ A\ U„ J-U„ „f , „1 j-„ A A 
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primitive roots of S with the Gram matrix a, f3 e P(M) pT . We denote by 

-P(At) pr the set of orthogonal to M primitive roots of the overlattice S(2) C S. It 
is 

P(M) pT = {a = a | a E P(M) pT k a 2 = 1 mod 2}U 

U{5 = a/2 | a G P(-M) pr & « 2 = 2 mod 4}. (2.3.3.1) 
It follows that for a, j3 e -P(-M) pr of the lattice £, one has 

{2(a,/?), if a 2 /3 2 = 1 mod 2 
{a, 13), \ia 2 f3 2 = 2 mod 4 
{a,p)/2, \ia 2 = 1 =2 mod 4 

which describes the Gram matrix of P(Ai) pr for the lattice S using the Gram 
matrix of P(M) pT for the lattice S. Here on the left hand side of (2.3.3.2) we use 
the form of the lattice S, and on the right hand side of (2.3.3.2) we use the form of 
the lattice S. 

2.3.4- Classification of elementary hyperbolic lattices of rank three which are 
reflective of elliptic or parabolic type. 

We remind that a lattice L is called elementary if its discriminant group Al = 
L* / L is elementary: any its p-component is a p-elementary Abelian group: Al p — 

(z/pzyp. 

By Sect. 2.2, we get 

Theorem 2.3.4.1. A primitive elementary hyperbolic lattice F is reflective of el- 
liptic or parabolic type if and only if 

F ^ S*' m (m), m | d (2.3.4.1) 

(see (2.2.5)) where S is a lattice of the determinant d = det(S') (it is square-free) of 
Tables 1 or 2. Then det(F) = dm. In particular, for the fixed lattice S the number 
of lattices F is equal to 2 l where t is the number of prime divisors of d. 

Let P(M) pr be the set of orthogonal to M. primitive roots of S . Then the set 
P(Ai) pT of orthogonal to M. primitive roots of F is equal to 

P(M) pr = {a = a/k a , m | aeP(M) pr } (2.3.4.2) 

where k a ^ m is the greatest divisor of m such that a/k a ^ m e S* (equivalently, if 
(a, S) = t7L, then /c a , m = g.c.dit, m) ). The Gram matrix of P(M.) pr for the lattice 
F is equal to 

((5, P)) = f , K/ ? )m ) , aje P(M) PI . (2.3.4.3) 

Here, on the left hand side of (2.3.4.3) we use the form of the lattice F , and on the 
right hand side of (2.3.4.3) we use the form of the lattice S . 



(2.3.3.2) 
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The list of main hyperbolic lattices 
of rank three and with square-free determinant 
which are reflective of elliptic or parabolic type. 
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N = 100 d = 330 = 2 • 3 • 5 • 11, rj = 3, h = 0: (6) © (-110) © (-2>(l/2, 1/2, 0) 
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-35 




1: (5) © (-39) © (-7) 



A B 
B A 



where 



9 


28 132 63 1417 462 


1287 142 


4823 




-2 


-7 - 


35 - 


17 - 


385 -126 -3 


52 -39 


-1330 j 


-6 


-17 - 


75 - 


35 - 


780 -253 -702 -77 


-2600/ 


-3 





60 


39 


975 


336 


975 


114 


4095 





-14 





14 


455 


175 


546 


70 


2730 


60 





-30 





195 


105 


390 


60 


2730 


39 


14 





-1 





7 


39 


8 


455 


975 


455 


195 





-130 





195 


65 


5005 


336 


175 


105 


7 





-7 





7 


910 


975 


546 


390 


39 


195 





-39 





1365 


114 


70 


60 


8 


65 


7 





-2 





4095 2730 2730 


455 


5005 


910 


1365 





-455 


84 


63 


75 


15 


195 


42 


78 


3 





63 


63 


105 


28 


455 


119 


273 


21 


455 


75 


105 


255 


90 


1755 


525 


1365 


135 


4095 


15 


28 


90 


37 


780 


245 


663 


70 


2275 



V „ 



195 455 1755 780 17030 5460 15015 1625 54145 
42 119 525 245 5460 1771 4914 539 18200 
78 273 1365 663 15015 4914 13728 1521 51870 
3 21 135 70 1625 539 1521 171 5915 
455 4095 2275 54145 18200 51870 5915 207480. 
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N = 122 d = 1365 = 3 • 5 • 7 • 13, rj = 15, h = 1: (6) © (-65) © (-14)(l/2, 0, 1/2) 



223 5W)5 37 14Q 13 







91 



-33 -742 -11 -42 -4 

-33 -715 
2 2 



-5 -15 10 



is 

2 ^ A 2 

10 -21 -2 

1 -39 " 5 



49 
2 

-7 
-11 

2 



31 1820 58 
-9 -532 
-6 -325 



-10 



1715 1209 
2 2 

17 -252 -178 

-285 -195 



A B 
B A 



2 

1995 
2 

-294 



2 

8645 



i^P 25844 515 308 
2549 -252 -7623 -152 -91 



-1365 ^2 -4056 -80 -47 



where 




















* _3 





3 


105 


117 


231 


2145 


219 


6825 


150 


105 


o 


-910 





1365 


2275 


5005 


48230 


5005 


158340 


3640 


2730 


3 





-1 





26 


70 


715 


76 


2457 


60 


49 




1365 





-210 





210 


2730 


315 


10920 


315 


315 


117 


2275 


26 





-26 





260 


39 


1638 


65 


91 


231 


5005 


70 


210 





-14 





7 


546 


35 


77 


2145 


48230 


715 


2730 


260 





-65 





1365 


130 


455 


219 


5005 


76 


315 


39 


7 





-2 





5 


35 


6825 


158340 2457 10920 


1638 


546 


1365 





-273 





819 


150 


3640 


60 


315 


65 


35 


130 


5 





-10 





105 


2730 


49 


315 


91 


77 


455 


35 


819 





-7 


48 


1365 


27 


210 


78 


84 


585 


51 


1365 


15 





1365 


42315 


910 


8190 


3640 


4550 


34580 


3185 


90090 


1365 


455 


27 


910 


21 


210 


104 


140 


1105 


104 


3003 


50 


21 


210 


8190 


210 


2415 


1365 


1995 


16380 


1575 


46410 


840 


420 


78 


3640 


104 


1365 


871 


1365 


11570 


1131 


33852 


650 


364 


84 


4550 


140 


1995 


1365 


2219 


19110 


1883 


56784 


1120 


658 


585 


34580 


1105 16380 11570 19110 165685 16380 


495495 


9880 


5915 


51 


3185 


104 


1575 


1131 


1883 


16380 


1622 


49140 


985 


595 


1365 


90090 


3003 46410 33852 


56784 495495 


49140 


1490853 30030 


18291 


15 


1365 


50 


840 


650 


1120 


9880 


985 


30030 


615 


385 


> 


455 


21 


420 


364 


658 


5915 


595 


18291 


385 


252 
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Table 2. 

The list of odd hyperbolic lattices of rank three 
and with even square-free determinant (i.e. non-main) 
which are reflective of elliptic or parabolic type. 



N' = 1 d = 2, odd, rj = 0, h = 0: (1) © (-1) © (-2). It is equivariantly equivalent 
to d = 1, rj = 0, h = 0: £7 © (-1). 

N' = 2 d = 6 = 2 • 3, odd, 77 = 0, h = 0: (1) © (-1) © (-6). It is equivariantly 
equivalent to d = 3, 77 = 1, h = 0: £7 © (—3). 

AT' = 3 ^ = 6 = 2 • 3, odd, r/ = 1, h = 0: (6) © (-1) © (-1) (= (3, oX= 0)) 
/0 -1 1 \ /-2 1 3 \_ 




1 

3 
V 



-1 




2 



2 

-3 

-2/ 



N' = A d = 10 = 


= 2 


5, odd, 77 


= 0,h = 


1: (2)©( 


-5) © 


/0 IX 








2 


2 5 


° \ 


1 









-5 


5 30 


10 


1 -2 






2 


-2 


10 


6 


2 -1-2 






2 


5 


-1 


2 


10 -6 -5 






5 


30 10 


-5 





V 3 -2 / 






V 


10 6 


2 


-2/ 


N' = 5 d = 10-- 


= 2 


■ 5, odd, r, 


= 1, h -- 


= 0: (1)© 




equivalent to d = 


= 5, 


V = 


= 0,h = 


= 0: U@ 


(-5). 





-1) (=(5,l,/i = 0)) 



( — 10). It is equivariantly 



N' = 6 d = 14 = 2 • 7, odd, 7/ = 0, h = 1: (14) © (-1) © (-1) (=(7, 0,^ = 1)) 





-1 


1 \ 




r 2 


1 


4 


4 


3 


N 





1 







1 


-1 





3 


9 


8 


1 





-4 




4 





-2 





8 


10 


2 


-3 


-7 




4 


3 





-2 


1 


4 


4 


-9 


-12 




3 


9 


8 


1 


-1 





\3 


-8 






V 


8 


10 


4 





-2/ 



N' = 7 d = 14 = 2 • 7, odd, 77 = 1, /i = 0: (1) © (- 
equivalent to d = 7, rj = 1, h = 0: f7 © (-7). 

N' = 8 d = 22 = 2 • 11, odd, 77 = 0, /* = 1: (1) © (- 
equivalent to <i = 11, 77 = 1, /i = 1: U © (—11)- 



1) © (— 14). It is equivariantly 
-1) © (—22). It is equivariantly 



AT' = 


9 d = 


22 = 2 


• 11, odd, 77 


= 1, 


h=l: 


(22) S 




■!)©(■ 


"I) ( 


=(11,0,^ = 0)) 


/° 


-1 


1 \ 




1 


33 


12 


6 


3 


11 


\ 





1 







1 


-1 





2 


3 


5 


44 


10 




: 7 





-33 




33 





-11 





11 


44 


495 


132 




3 


-2 


-14 




12 


2 





-2 





10 


132 


38 




2 


-3 


-9 




6 


3 


11 





-2 


1 


33 


12 




2 


-5 


-8 




3 


5 


44 


10 


1 


-1 





2 




15 


-44 


-55 




11 


44 


495 


132 


33 





-11 







\3 


-10 


-10/ 




V 


10 


132 


38 


12 


2 





-2> 




AT/ — 


in J _ 


_ 


10 




1 


u 1 


/ 1 \ 


/ 


1 \ /T\ / 
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equivalent to d = 


= 13, 77 


= 0,h=l: 


U@ (-13). 


N' = 11 d = 30 


= 2-3 


■ 5, odd, 77 = 


= 0, h = 0: (30) 


/0 -1 1 \ 




/-2 1 


6 5 \ 


1 




1 -1 


5 4 


1 -6 




6 


-6 6 


2 -5 -10 , 




5 5 


0-5 


Vl -4 -4/ 




V 4 


6 0-2/ 


N' = 12 d = 30 


= 2-3- 


5, odd, 77 = 


1, /i = 0: (1)© 


equivalent to d = 


= 15, 77 


= 2, /i = 0: 


t/© (-15). 


N' = 13 d = 30 


= 2-3 


■ 5, odd, 77 = 


= 2, /i = 0: (10) 



(-!)©(-!) (=(15,3,/i = 0)) 



-6)©(-2)(l/2, 1/2,0). It is 
equivariantly equivalent to d = 15, 77 = 1, h = 0: (5) © (—3) © (—1). 

AT' = 14 d = 30 = 2 • 3 • 5, odd, 77 = 3, h = 0: (6) © (-10) © (-2>(l/2, 1/2, 0) 
(= (15, 0, = 0)) 








1 \ 






/-2 4 


30 


6 


° \ 





1 









-10 


40 


15 


5 


1 





-2 






4 0-2 





3 


3 


10 


-4 


-15 






30 40 


-10 





10 


5 


-3 
2 


-3 






6 15 3 





-3 







-1 

2 


J 






V 5 3 


10 





-1/ 


N' = 


15 d 


= 34 = 


= 2 


17, odd, 77 = 0, h = 


0: (1) 


©(- 


1)©(- 



equivalent to d = 17, 77 = 0, h = 0: t/ © (-17). 

jV' = 16 d = 42 = 2-3-7, odd, 77 = 0, h = 1: (1) © (-1) © (-42). It is equivariantly 
equivalent to d = 21, 77 = 1, /i = 1: f7 © (-21). 

N' = 17 d = 42 = 2 • 3 • 7, odd, 77 = 1, /i = 1: (7) © (-3) © (-2) (=(21^)X= 0)) 








1 \ 




r 2 





4 


42 


6 


6 


2 


° \ 





1 










-3 





21 


6 


12 


9 


42 


1 





-2 




4 





-1 





2 


9 


10 


63 


12 


-7 


-21 




42 


21 





-21 





42 


63 


462 


2 


-2 


-3 




6 


6 


2 





-2 





4 


42 


3 


-4 


-3 




6 


12 


9 


42 





-3 





21 


2 


-3 


-1 




2 


9 


10 


63 


4 





-1 





V9 


-14 


J 




V 


42 


63 


462 


42 


21 





-21/ 



N' = 18 d = 42 = 2 • 3 • 7, odd, 77 = 2, h = 0: (2) © (-14) © (-6)(0, 1/2, 1/2) 
(=(21, 3, ft = 0)) 



/° 





1 \ 




r 6 





12 


21 


6 


3 


° \ 





1 










-14 





21 


14 


21 


112 


3 





-2 




12 





-6 





6 


18 


126 


7 


-3 
2 


-7 
2 




21 


21 





-7 





14 


126 


3 


-1 


-1 




6 


14 


6 





-2 





14 


4 


-3 
2 


tl 




3 


21 


18 


14 





-1 





\21 


-8 






V 


112 


126 


126 


14 





-14/ 


V = 


19 d 


= 42 


= 2-3 


• 7, odd, 77 = 


3, h 


= 0: 


(6) © 


(-14) 


© (-2 



n. /o\ 



/ T\ 



/ 1 \ 
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V = 


20 d 


= 66 = 




2 • 3 • 


11, odd, 77 = 


0, h 


= 1: 


(2) © 


(-22) 


© (- 


-6)(l/2,l/2, 


=(33, 3, /i = 


1)) 






















/° 





1 \ 


/ -6 





12 


1 OS 

lyo 


9/1 
Z4 


78 
( o 


1 *?9 

loz 


9/1 
Z4 


66 


> 





1 







u 


-22 





99n 

ZZU 


DO 


1 Q9 

loz 


Z04 


DD 


264 


11 


3 





-2 




iz 


u 


— D 


U 


Q 

O 


9/1 

Z4 


DO 


9/1 

Z4 


1 Q9 
loZ 


Q 

y 


66 


-10 


-33 




198 


220 





-22 


o 


66 


264 


132 


990 


88 


17 
2 


-3 
2 


-4 




24 


33 


3 





-1 





11 


9 


88 


9 


30 


-6 


-13 




78 


132 


24 


66 





-6 





12 


198 


24 


55 


-12 


-22 




132 


264 


66 


264 


11 





-22 





220 


33 


12 


-3 


-4 




24 


66 


24 


132 


9 


12 





-6 





3 


44 


-12 


-11 




66 


264 


132 


990 


88 


198 


220 





-22 





V 5 

X 2 


-l 

2 


/ 




V 


11 


9 


88 


9 


24 


33 


3 





-lJ 



0) 



N' = 21 d = 66 = 2-3-11, odd, 77 = 1, h = 1: (1) © (-1) © (-66). It is equivariantly 
equivalent to d = 33, 77 = 2, /* = 1: £7 © (-33). 



N' = 22 d = 66 = 2 • 3 • 11, odd, 77 = 2, h = 0: (22) © (-6) © (-2)(l/2, 0, 1/2). It 
is equivariantly equivalent to d = 33, 77 = 1, h = 0: (11) © (—3) © (—1). 
N' = 23 d = 70 = 2-5-7, odd, 77 = 1, h = 1: (14) © (-10) © (-2)(l/2, 1/2, 0) 
(=(35,0,/* = 0)) 
/ 



50 


-11 


-130 


\ 


,-10 





60 


35 


1365 


260 


110 


20 


40 


5 


35 





\ 


7 


-2 


-18 









-2 





3 


175 


36 


20 


6 


20 


5 


105 


16 


10 


-4 


-25 






60 





-10 





210 


50 


40 


20 


110 


40 


1190 


210 




1 

2 


-1 
2 


-1 






35 


3 





-1 





2 


5 


5 


40 


17 


560 


102 




5 
2 


-7 
2 









1365 


175 


210 





-35 





35 


105 


1190 560 


19635 3640 










1 






260 


36 


50 


2 





-2 





16 


210 


102 


3640 


678 







1 









110 


20 


40 


5 


35 





-10 





60 


35 


1365 


260 




3 





-8 






20 


6 


20 


5 


105 


16 





-2 





3 


175 


36 




40 


-6 


-105 






40 


20 


110 


40 


1190 


210 


60 





-10 





210 


50 




39 
2 


-7 
2 


-51 






5 


5 


40 


17 


560 


102 


35 


3 





-1 





2 




1395 
2 


-273 
2 


-1820 


J 




35 


105 1190 560 19635 3640 1365 175 


210 





-35 





/ 


130 


-26 


-339 


\ 


16 


210 


102 


3640 


678 


260 


36 


50 


2 





-2 



\ 



N' = 24 d = 70 

/ -1 1 
'01 o 

5 -42 

6 -5 -50 
11 -14 -91 
9 -14 -74 
6 -11 -49 
2 -5 -16 
9 -28 -70 
4 -15 -30 

, 3 -14 -21 
\ 1 -6 -6 - 



2-5-7, odd, 77 = 2, h = 1: (70) © (-1) © (-1) (=(35, 3, h = 0)) 

/ -2 1 42 45 77 60 38 11 42 15 7 \ 

1 -1 5 14 14 11 5 28 15 14 6 » 

42 -14 28 42 42 28 210 140 168 98 

45 5 -5 10 15 15 140 105 140 90 

77 14 28 -7 7 14 168 140 203 140 



60 14 42 10 

38 11 42 15 7 

11 5 28 15 14 

42 28 210 140 168 



-2 6 98 90 140 102 

-2 1 42 45 77 60 

6 1-10 5 14 14 

98 42 -14 28 42 



15 15 140 105 140 90 45 5 -5 10 
7 14 168 140 203 140 77 14 28 -7 
V 6 98 90 140 102 60 14 42 10 -2 



N' = 25 d = 70 = 2 • 5 • 7, odd, 77 = 3, h = 1: (2) © (-14) © (-10)(l/2, 1/2, 0). It 
is equivariantly equivalent to d = 35, 77 = 2, h = 1: (1) © (—7) © (—5). 



N' = 26 d = 78 = 2-3-13, odd, 77 = 1, h = 1: (6) © (-13) © (-1). It is equivariantly 

;,.„! — j- J on ^ o u 1 . /o\ rr\ / oc\ n\ I o\ /n 1 /o 1 ln\ 



46 



V.V. NIKULIN 



N' = 27 d = 78 = 2 • 3 • 13, odd, rj = 3, h = 0: (6) © (-26) © (-2)(0, 1/2, 1/2) 

(=(39,0,/* = 0)) 
,0 1 \ 
1 
10-2 
4 -1 -6 
39 -12 -52 

-3 -9 



4 

V i 



/ 



/" 2 





4 


12 


104 


9 


1 \ 





-26 





26 


312 


39 


13 


4 





-2 





26 


6 


4 


12 


26 





-2 





3 


5 


104 


312 


26 





-26 





26 


9 


39 


6 


3 





-3 





V 1 


13 


4 


5 


26 





-1/ 



N' = 28 d = 102 = 2 • 3 • 17, odd, rj = 0, h = 1: (34) © (-6) © (-2)(l/2, 1/2, 0). It 
is equivariantly equivalent to <i = 51, rj = 1, /i = 1: (17) © (—3) © (—1). 



N' = 29 d = 114 = 2 • 3 • 19, rj = 1, h = 1: (6) © (-38) © (-2)(l/2, 0, 1/2). It is 

equivariantly equivalent to <i = 57, 77 = 2, /i = 1: (3) © (—19) © (—1). 

N' = 30 d = 138 = 2 • 3 • 23, odd, rj = 2, h = 1: (2) © (-46) © (-6)(0, 1/2, 1/2) 



(=(69,3,/i = 0)) 

72 276 69 115 5 138 12 115 3 

-12 -47 -12 -1 =£■ -24 1 

-25 -92 -22 -1 10-2 
-6 12 
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V = 


31 d = 


210 = 


-- 2-3-5-7, odd,?? = 


0, h = 


0: 


(7)©(- 


-5)©< 


-6) (= 
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1 \ 
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210 
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-42 





210 
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-70/ 



N' = 32 d = 210 = 2 • 3 • 5 • 7, odd, rj = 1, h = 1: (14) © (-30) © (-2)(l/2, 0, 1/2). 
It is equivariantly equivalent to d = 105, rj = 2, h = 1: (7) © (—15) © (—1). 

N' = 33 d = 210 = 2 • 3 • 5 • 7, odd, rj = 2, h = 0: (2) © (-42) © (-10)(0, 1/2, 1/2). 
It is equivariantly equivalent to d = 105 = 3 • 5 • 7, rj = 1, h = 0: (1) © (-21) © (-5). 

N' = 34 d = 210 = 2 • 3 • 5 • 7, odd, rj = 4, h = 0: (5) © (-7) © (-6). It is 
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N' = 35 d = 210 = 2.3.5.7, odd, rj = 6, h = 1: (10) © (-14) © (-6)(0, 1/2, 1/2) r 
(=(105, 5, /i = 0)) 
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N' = 36 d = 330 = 2 -3- 5 -11, odd, rj = 3, h = 1: (6) © (-10) © (-22)(l/2, 1/2, 0). 
It is equivariantly equivalent to d = 165, rj = 4, h = 1: (3) © (—5) © (—11). 
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N' = 38 d = 570 = 2 • 3 • 5 • 19, odd, rj = 2,h=l: (2) © (-190) © (-6>(0, 1/2, 1/2) 



(=(285,5,/* = 0)) 
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Table 3 

The list of main hyperbolic lattices of the rank 3 
with square-free determinant d < 100000 and h < 1 
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